Abstract. The development of recursion theory motivated Kleene to create regular three-valued logics. Taking his inspiration from the computer science, Fitting later continued to investigate regular three-valued logics and defined them as monotonic ones. Afterwards, Komendantskaya proved that there are four regular three-valued logics and in the three-valued case the set of regular logics coincides with the set of monotonic logics. Next, Tomova showed that in the four-valued case regularity and monotonicity do not coincide. She counted that there are 6400 four-valued regular logics, but only six of them are monotonic. The purpose of this paper is to create natural deduction systems for them. We also describe some functional properties of these logics.
1. Introduction
Preliminaries
All logics described in this paper are built in a propositional language L which we define in Backus-Naur form as follows:
Let Prop and Form abbreviate, respectively, the set of all propositional variables and the set of all formulae of L. Let V 3 and V 4 be, respectively, the set {1, u, 0} of truth values "true", "undefined", and "false" and the set {1, b, n, 0} of truth values "true", "both true and false", "neither true no false", and "false". In all t-valued (t ∈ {3, 4}) logics described in this paper, a valuation is a function v from Prop to V t . Moreover, let us denote a truth-table f for a connective c by f c .
Three-valued both regular and monotonic logics
Let us call regular logics those systems in which all connectives are regular in the sense specified below. The investigation of them began in Kleene's paper [15] where two regular logics were introduced: Kleene's strong logic K 3 and Kleene's weak logic K w 3 . In [14] Kleene defines regularity and clarifies the motivation behind it as follows:
We conclude that, in order for the propositional connectives to be partial recursive operations (or at least to produce partial recursive predicates when applied to partial recursive predicates), we must choose tables for them which are regular, in the following sense: A given column (row) contains 1 in the u row (column), only if the column (row) consists entirely of 1's; and likewise for 0. [14, p. 334] In K 3 a valuation v on Prop is extended to a valuation on Form according to the following truth tables: [18] . Natural deduction systems for K 3 and LP, respectively, are presented in [22, 24, 17] . In K w 3 negation is the same as for K 3 ; conjunction and disjunction, as was shown in Finn's paper [8] , are expressed via K 3 's connectives by equations (1) and (2) (see p. 55), respectively. Notice that K w 3 (1938) is a fragment of Bochvar's logic B 3 (1938) introduced in [4] independently of [15] . Natural deduction systems for K w 3 both with one and two designated values are presented in [19] .
The next stage in the exploration of regular three-valued logics is Fitting's paper [10] where the intermediate logic K → 3 (Lisp) was discovered. In K → 3 negation is the same as for K 3 ; conjunction and disjunction, as was shown in Komendantskaya's paper [16] , are expressed via K 3 's connectives by equations (3) and (4) (see p. 55), respectively. Moreover, Komendantskaya [16] 
Monotonic logics are those whose propositional connectives are monotonic functions; a function F is monotonic, if [9, 10] , the set {1, u, 0} is ordered as follows: u ≤ 1, u ≤ 0, 1 and 0 are incomparable. Using this order, Fitting [10] defined regular logics as monotonic ones. Moreover, as shown in [16] , the set of all regular three-valued logics coincides with the set of all normal three-valued 1 monotonic logics.
Regularity and monotonicity in the four-valued case
In [25] Tomova defined regularity for the four-valued case as follows:
A given column (row) contains 1 in the b or n row (column), only if the column (row) consists entirely of 1's; and likewise for 0.
[ 25, p. 226] Moreover, Tomova [25] counted that there are 6400 four-valued regular disjunctions (conjunctions are defined in a standard way: [25] , the set {1, b, n, 0} is ordered as follows: n ≤ 0 ≤ b, n ≤ 1 ≤ b, 1 and 0 are incomparable. As follows from [25] , this order produces 81 monotonic logics; however, only 6 of them are regular. Let us introduce these logics:
, b} where f ¬ is the same as for K → 4 and
Functional properties of these four-valued logics
We will present here some functional properties of these four-valued logics which were not mentioned in [25] . First of all, let us introduce 3 where f ¬ is the same as for K → 4 and
If in equations (1) and (2) we replace K 3 's connectives by FDE's connectives, we obtain K w 4 's connectives. If in equations (3) and (4) (5) and (6) 
is not regular, we will consider it on equal terms with both regular and monotonic four-valued logics, since K 
Natural deduction systems
We will use the following rules of inference:
Moreover, we will use the following proof construction rules:
Z means that Z is derivable from the assumption X and this assumption is discharged; and
means that Z is derivable from either the assumption X or the assumption Y and either X or Y is discharged.
It seems that these rules do not exactly meet the standard requirements with respect to natural deduction systems. However, this is a consequence a consequence, on the one hand, of the semantic singularity of the logics and, on the other, the method of axiomatization used.
A set of rules of a natural deduction system for K → 4 is as follows:
A set of rules for K ← 4 is as follows:
A set of rules for K w 4 is as follows:
A set of rules for K w 4b is as follows:
A set of rules for K w 4bn is as follows:
A set of rules for K w 4n is as follows:
A set of rules for K ↔ 4 is as follows:
A iff there is a derivation in the natural deduction system for K → 4 of a formula A from a set of assumptions Γ, i.e., there is a finite non-empty sequence of formulae with the following conditions: (i) each formula is an assumption or follows from the previous formulae via K → 4 's rule of inference and (ii) by applying (∨E 1 ) each formula starting from the assumption A until a formula C, inclusively,
Lemma 3.1. For any nontrivial prime theory Γ and for all A, B ∈ Form:
By the rule (¬¬E), A ∈ Γ. Contradiction. Hence, ¬¬A ∈ Γ. Therefore, e(¬A, , Γ) ). The other cases are proved similarly. By a structural induction on formulae, using Lemma 3.1 we obtain: Lemma 3.2. Let Γ be any nontrivial prime theory and v Γ be an arbitrary valuation such that v Γ (p) = e(p, Γ), for any p ∈ Prop. Then we have v Γ (A) = e(A, Γ), for any A ∈ Form. 
We take 
From the latter and the fact that Γ ⊢ B ∨ C, by the rule (∨E 1 ), we obtain Γ * ⊢ A. This contradicts (2) . The statement (Γ3) is proved. 
Conclusion
In this paper, we have constructed natural deduction systems for regular and monotonic four-valued logics that is a continuation of [17, 19, 22, 24] where regular three-valued logics are formalized via natural deduction systems.
The future work concerns, firstly, exploring the other possible generalizations for the four-valued case of regular three-valued logics; secondly, the development of proof-search algorithms in the spirit of [5] for the calculi described in this paper; and thirdly, an investigation of the logics studied here with other sets of designed values; for example, with the sole designated value 1. 
